Abstract In this paper we study the curvature properties of Kropina metric. We find expressions for Riemann curvature and Ricci curvature of a Kropina metric when the 1-form β is a Killing form of constant length. We give a characterization of projectively flat Kropina metric and Kropina metric with isotropic S-curvature.
vanishes for Berwald metrics including Riemannian metric. In this paper we give an explicit formula of the Riemannian curvature and the Ricci curvature of a Kropina metric where β is a Killing 1-form of constant length. We prove the conditions for a Kropina metric to have isotropic S-curvature and to be projectively flat.
Preliminaries
Let F = α 2 β be a Kropina metric [2] , where α 2 = a i j (x)y i y j is a Riemannian metric and β = b i (x)y i is a 1-form on an n-dimensional manifold M n . Let F n = (M n , F) be the Finsler space equipped with the Kropina metric F. Then the space R n = (M n , α) is called the associated Riemannian space with F n = (M n , L(α, β)). The covariant differentiation with respect to the Levi Civita connection γ i jk (x) of R n is denoted by (:). We put (a i j ) = (a i j ) −1 and we use the symbols as follows: [1, 6] 
The spray coefficients G i of F are given by [1] :
where
The Riemann curvature is a family of linear maps
defined by
The Ricci curvature and Ricci scalar are defined by
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β be a Kropina metric on an n-dimensional manifold M n . From (2.2), the geodesic coefficients G i of F are related to the coefficients α G i of α by
2)
In this section, we assume that β is a Killing form of constant length. i.e., β satisfies 
Thus P = 0 and (3.1) reduces to
Now from (2.4) and (3.6), we obtain [5]
Since α :k = 0 and y :k = 0, we have
, we have
Plugging them into (3.8), we get
Since s k0 = −s 0k , y j s j k = s 0k , (3.13) can be written as
i.e., (3.14) is in the form
Taking the trace of R i k in (3.14) and using y k s k 0:0 = 0 and b k s k 0:0 = −s k0 s k 0 , we obtain
Recently Zhang and Shen [7] obtained the relationship between Ricci curvature Ric of F and α Ric of α, which reduces to Eq. (3.15), when β is a Killing form of constant length.
It is well known that [7] , a Finsler metric F on an n-dimensional manifold M n is called an Einstein metric if Ric = σ F 2 , where σ = σ (x) is a scalar function on M n . By (3.15), we immediately obtain the following: Let us take a local orthonormal frame {b i } on M n with respect to α and e i = (y,
. Equation (3.14) still holds for the coefficients of the Riemann curvature with respect to {e i } n i=1 . We have
Therefore (3.14) takes the form Since α is a Riemannian metric,
Contracting (3.22) with respect to i and k and using (2.5), we obtain an equation for the Ricci curvature Ric of F as follows:
where α Ric is the Ricci curvature of α.
The S-curvature and projectively flat Kropina metric
In this section, we focus on the S-curvature of a Kropina metric F = 
where ρ = ρ(x). For a Riemannian metric α, we have
Plugging (4.5) and (4.6) in (4.4), we have
Suppose β is a Killing form (i.e. r i j = 0) and S = (n + 1)cF, where c = − 
The above equation may be expressed as
where Differentiating (4.9) successively with respect to y i , y j and y k , we obtain 
